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ABSTRACT

Using the method of forcing of set theory, we prove the following two theorems
on the existence of measurable choice functions: Let T be the closed unit inter-
val [0,1] and let m be the usual Lebesgue measure defined on the Borel subsets
of T. Theorem 1. Let S < T x T bs a Borel set such that for all r €T,

S, & {x|(z, x)€ S} is countable and non-empty. Then there exists a count-
able series of Lebzsgue-measurable functions f, : T — T such that S, =
{f,(|ne w} forallte T. Theorem 2. Let W < [0, 1] x [0, 1] be a Borel
set such that foreachx€[0,1], W, = {y |(x,») € W } is uncountable. Then
there exists a function 4: [0, 1] x [0, 1] — W with the following properties:
(a) foreach x<[0, 1], the function A(x, ) is one-one and onto W_and is
Borel measurable; (b) for each y, A(-,y) is Lebesgue measurable; (c) the
function £ is Lebesgue measurable,

Let A<= [0,1] x [0,1] be a Borel set whose projection on the x-axis consists
of all points in [0,1]. Under these circumstances, Von Neumann [9] proved the
existence of a Lebesgue measurable function F, defined on [0,1], such that
Fx)e A, % {y| (x,y)ed} for all x&[0,1].

Through the use of forcing, we extend the foregoing result in several directions.
Theorem 1 deals with the case where {y ](x,y)eA} is countable for every
x €[0,1]. We prove the existence of a countable series of Lebesgue measurable
functions { £} such that {fi(x)} = {y|(x, y) € 4} for every x €[0,1]. In Theorem 2,
{ y[ (x,y)€ A} is uncountable for all x€[0,1]. We then produce an analog of
Theorem 1. In another paper [10], we consider a situation arising in markets
with a continuum of traders; there an affirmative answer is given to a problem
formulated by R. J. Aumann and G. Debreu [1] using the same techniques
as those presented here.
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For an understanding of the proofs in this articles, the reader should be familiar
with the theorems and concepts relating to forcing in set theory. An acquaintance

with the ideas developed in Solovay’s paper [ 8, Chapter I1] would also be helpful.
The author wishes to express his deep appreciation to Jonathan Stavi for many
valuable suggestions and clarifications.

1.
Let T be the closed unit interval [0, 1] and let m be the usual Lebesgue measure

defined on the Borel subsets of T. We denote by Z the set of real numbers.

THEOREM 1. Let ST X% be a Borel set such that for all teT,
S, o xl(t,x)eS} is countable and non-empty. Then there exists a countable
series of Lebesgue-measurable functions f,: T — % such that S, = {f,,(t)lnew}

forallteT.

ProoOF. In accordance with [8,Chapter II, Section 1], there exist []i pred-
icates A,(xy,x,), A5(xy,x,) which can be used to code every Borel subset of the
real line, i.e., for every Borel subset E = Z there exists a fixed parameter € ®”
such that for all xe#, xe Ee> A,(,x) and x ¢ E «> A5(n, x) Similarly there are

1 predicates Q,(x,,X,,%5), Q3(x1,%,,X;) Which may be used to code every
Borel subset D% x %: for some vew®, (x,y)eDoQ,(v,x,y), (x,y)¢D
«Q3(v,x,y). Let P be an arithmetical formula which provably defines a 1-1
correspondence p between [0, 1] and w®. We shall often identify a € [0, 1] with p(a)
without specific mention. This convention will allow us to code all Borel subsets
of w” by means of the same predicates A4,(x;,x,), 45(x;,x,). For any A, pcw®
which code Borel subsets of # and # x # respectively, let By, %, B,,
< x X be the Borel sets coded by 1 and u. Further, let £, € w® be some param-
eter which codes S, ie., S = B,,. We now choose a countable transitive
model M of ZFC such that ¢, € M and such that every set in M is constructible
from &,. The existence of a model satisfying these conditions cannot, of course,
be proven within Zermelo-Fraenkel set theory (see [2, p. 78]). However, an
analysis of the present proof will show that M need only fulfill some finite
subset of ZFC + &;-constructibility in order for the proof to work. The existence
of transitive models of any finite subset of ZFC + &;-constructibility can be
demonstrated using only the axioms of ZFC [2, p. 82]. Thus, our proof can, in
fact, be carried out entirely within ZFC. Nevertheless, to simplify the exposition
of the proof, we shall continue to assume that M fulfills all of the axioms of ZFC.

For any u e ®® which codes a Borel subset of Z x # and any transitive model
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N of ZFC containing y, let Bf’_ »= B, ,NN. By virtue of the absoluteness of
T[]} statements [7, pp. 137-138], BY , = {(x,»)|x,y e N & N IF Q,(u,x, )} since
0,(u, x,y) is l_[ll B’zv,u is therefore definable in N and thus BIZV’MEN. Blf,; is
defined analogously.

Let t € # be random with respect to M, i.e., for every u in M which codes a
Borel subset of Z, if m(B,,,) = 0, then ¢ ¢ B, ,. Since M is countable, almost every
teZ in the real world is random over M. Using an adaption of the label space
procedure [2, Chapter 1V], we obtain a uniquely defined model M [¢] of ZFC
containing ¢, such that M < M(f). In M(¢), every element is constructible from &,
and 1.

Let & be the language of set theory enriched by names for each of the members
of M.For any A, ueM,where 1 and p code Borel subsets of #Z and # x #
respectively, let B; ; and B, , be terms in & denoting the sets Blf 2 and Bgf‘, in M,
i.e., the terms defined as {x | A2, %)}, {(x, y)| 0,(u,x,y)}. Weexpand £ to &’ by
adding a new symbol, 7. f will denote t in M[¢]. Every member of M[f] is then
uniquely determined by some term in £’ [2, Chapter I V]. In particular, for every
A€ M[f] that codes a Borel subset of Z x %, B)'1 is denoted by the term B, ,
of Z’. '

Since the sets in M[t] are constructible from ¢, and ¢, the elements in w® be-
longing to M[t] are well ordered by the ordinals and sentences through which
they are constructed. Thus, there exists a fixed formula @(x, y) in £’ which, for
each random ¢, defines a well ordering over the members of w* appearing in M[t],
when interpreted in M[¢].

For every random ¢, the statement *‘B, , is Borel’” holds true in M[t]. Thus
M [ F“{y|(t,y) € B, ,} is Borel”, since {y|(t,y)eBY¥)} is the cross-section
of a Borel set. Hence there exists some # € w® in M[t] such that

D “Vy(ye By, (t,y)€By )"
holds true in M[t]. However, (1) is equivalent to

Yy([A2(n,9) & Qa1 1, )] v [A3(1, ) & Q3(E 1, t, 1)])

which is Hi and therefore absolute. Thus (1) also holds true in the real world.
By hypothesis, the set { y|(t, y)€B, ¢} is countable for all te[0,1]. Therefore,
B, , is countable in the real world. But by Lemma 7 [8, p. 22] the statement
“‘B; , is countable’’ is absolute. Thus

2 M[{] F<“{y|(t,y)e B,,} is countable”
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for all random ¢ € [0, 1]. Let #, € ©® be the first 4 in M[¢] (under the well-ordering
induced by O) satisfying (1).
We define v on ® x w in the following manner:
v(oc, 0) = {d(l), d(3), “(5)5 }
(e, 1) = {«(2), «(6), «(10), -~}

v(a,n) = {02 (2 1-1),a2"-2-2-1), a2 Q2-m—1),-}.

Then for every sequence a4, a,, -+ of elements in ©®, there exists an a € w® such
that v(e, 1) = oy, (e, 2) = &,, --- . v is clearly definable in every transitive model M
of ZFC. v is also readily seen to be recursive.

By virtue of the fact that M[f]F “{y|yeB,
an ac@” belonging to M[t] such that

(3) M[t] ‘: Vy[yegl, Nt « Hn(u(oc,n) = y)]
Let a, € »® be the first o in M[¢] (under the well ordering induced by @) satisfying
(3). Then

) “Vy(y € By, < In(v(e, n) = y)]”
holds true in M[{]. As in the case of (1), (4) may also be represented as a [[3
relation. Due to the absoluteness of []j relations, (4) is then fulfilled in the real

,ne) 1S countable’ there exists

world.
1, and «, are uniquely determined for each random ¢. For any rational g, and

any natural n,, let D be the set of random reals defined by

q1,ny

teD, , +>t is random and ¢, < o(a,n,).

By reviewing the methods used to define «,, we can readily verify that the relation
“q; S v(x,n,)is expressible in &', That is, for every rational ¢, and every
natural ny, there exists a sentence @y (f) in £’ such that for all random ¢,

g1 S (o, nq) < (M[t]EDy(1)).

Applying Theorem II, 2.8 of [8, p. 38]", we obtain that D, ,, is Borel.

1,11

For each fixed x €[0,1], the set S, = {y | (x,y) € B, ;,} is countable. Let S, be
the set of functions from the positive integers onto S,. In accordance with the
axiom of choice, there exists a function & defined on [0,1] such that #(x)e S,

+ This theorem says essentially that for every sentence ®(¢) ) in &', the set {t]t is
random & M([:] k @ (1)} is Borel.
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for each x €[0, 1]. We now define the function Q(t, n), where te[0,1] and nis a
positive integer.

v(a, n) for random ¢
Qt,n) = {

F(t)(n) for non-random t.

Since D, , is Borel for every rational g and every natural n, {tIQ(t, ny) 2 44}
is Lebesgue measurable for all n,, q,. It follows that Q(¢, n) is Lebsegue measur-
able for each fixed n. Through the absoluteness of (4), we have that for every
fixed x; €[0,1], the set of values of Q(x,,n) coincides with 4, . Thus, if we set
f{x) = Q(x,i), we find that {f;} has all of the desired properties.

To show that the above proof can be carried out in ZFC, we make use of the
fact that for any finite set 7 of the axioms of ZFC the following is a theorem
of ZFC: For any c € w*, there exists a countable transitive model M such that

(1) METJ,ceM;

(2) ME “Every set is constructible from ¢’’;

(3) for every real ¢ which is random over M, there exists a uniquely defined
transitive model M[¢] such that

(@) Mc M[t]; teM[1];

(b) M[f]EJ for every t which is random over M;

(c) M[t]E “Every set is constructible from ¢ and ¢”’;

(d) there exists a fixed formula ©(x;,x,) in £’ (the language of M[¢]) which
defines a well ordering over the elements in @® belonging to M[t] (when O(x,, x,)
is interpreted in M[t]):

(e) for every sentence ¥ in th® language of M[t], there exists a Borel set 4
(in the real world) such that for every random ¢, (M[t]F¥)—te 4;

(f) if J contains a sufficiently large set of axioms, every H{ relation is
absolute.

2.,
LemMMA. Let B< [0,1] be a non-countable Borel set. Then there exists a

one-to-one Borel function F which takes the unit interval onto B.

Proor. The proof is analogous to that of the Cantor-Bernstein theorem. Since
B is Borel and non-countable, it includes a perfect set B; < B [3, p. 447]. Let
Q < B, be a countable series of points which is dense in B;. Then there exists
a one-to-one order preserving mapping g of the rational numbers into Q. For all
rational g € [0, 1], let G(g) = g(q). For irrational t € [0, 1], let G(f) = Supg(q). G is

gst

q€[0,1]
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then a well defined 1 ~ 1 mapping from [0,1] into B,. G is clearly Borel (it is
in fact arithmetic!).

Let B, = G([0,1]). B, can be described as follows: b€ B, «>[(There exists a
rational g such that g(q) = b) v (There exists an increasing series {q;} whose
least upper bound is irrational and g(g;) < b for all i and S?p 9(g;) = b)]. Alter-
nately it can be defined as: be B, «» [(There exists a rational g such that g(q)=b) v
(For all ¢>0 there exists a rational q such that g(q)<b & |b—g(g)| <
& for every increasing series {g;} = [0,1], if Sup, g(¢;)= b then Sup; g; is irra-
tional)]. Thus B, is both X} and [[; and therefore Borel. More generally, the
image under G of every Borel subset C = [0,1] is Borel. This is shown in the

same manner as in the case of B,. It follows that G"C = G- G - ... - G(C) is Borel
————
n iterations

for every Borel subset C < [0,1] and every positive integer n. Let A consist of
those points in [0, 1] not belonging to B. Define F as follows: If x €[0,1] is such
that x € G"A" for some n, let F(x) = G(x); otherwise let F(x) = x. F is readily seen
to be Borel. Using considerations of the Cantor-Bernstein theorem, we find that F
is also one-one and onto,

THEOREM 2. Let W <[0,1] x [0,1] be a Borel set such that for each
xe€[0,1], de;f {y[(x,y)eW} is uncountable. Let m be the usual Lebesgue
measure on the Borel subsets of [0,1). Then there exists a function
h:[0,1] x [0,1] — W with the following properties:

(@) for each xe[0,1], the function h(x,*) is one-one and onto W, and is
Borel measurable;

(b) for each y,h(-,y) is Lebesgue measurable; h(x,y)e W, for all x;

(c) the function h is Lebesgue measurable.

Proor. We combine the approach used in Theorem 1 with the methods of the
preceding Lemma.

Let £, € ©® code the Borel set W under the predicate Q, described in Theorem 1.
Let M be a countable transitive model of ZFC containing ¢, such that every set in
M is constructible from £,. As was the case in the previous theorem, we need
only assume that M fulfills some finite subset of ZFC; however, for the sake of
simplicity, we again stipulate that all axioms in ZFC are fulfilled by M. Let % be
a language corresponding to M and let £’ be the language obtained from Z by
adding the symbol 7. For each ¢ €[0, 1] which is random over M, let M[¢] be the
uniquely defined model containing ¢ obtained through the label space procedure:
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Let ©(xy, x,) be a formula in £’ which defines a well ordering over the elements
in w® belonging to M[t]. In similar fashion, all other symbols defined in the proof
of Theorem 1, e.g., A5(xy, X3), @ (X1, X2,%3), Blzw,u retain the same meanings and
usages here.

For random ¢, let w14/ {y|(t, y) e W} M[t]. By virtue of the absoluteness
of [Ii statements, W} = {y| M[t]F Q,(¢o,,)}.W}'" is thus definable by
interpreting Q,(&o, £, ) in M[1], and hence W, e M[f]. W™ is also Borel in M[1],
since it is the cross-section of a Borel set in M[¢], namely B3l!). Let #,'e M[{] be
the first element in @ (under the well ordering imposed by ®) which codes
Wt under the predicate A,(xq,x,). Thus “Vy(4,(n! , y) <> Q5(&o,t, ¥))” holds in
M[t]. By absoluteness, this implies that 7, codes the set {y I (t,y)eW} =W, in
the real world. In accordance with Lemma 7 [8, p. 32], the relation “‘4 codes an
uncountable Borel set” is absolute. Since {y ] (t,y)e W} is uncountable in the
real world, it therefore follows that W}™!is uncountable in M[t].

It is known that every uncountable Borel set Y« # includes a perfect set as a
subset. This is provable within the framework of ZFC and must therefore hold
true in M[t]. Since perfect sets are Borel, every perfect set has a code. Let
né € M[{] be the first element (under ®) in w® such that M[f]k “‘4? codes a
perfect set, D,2, which is a subset of W}"".”” This means that the statement

(6) ““the set {y , Q,(n2,t,y)} is a perfect set and Vz[ 11 Q4(n%,1,2) > Q.(nl, 1, 2)]”

holds true in M[t]. In accordance with Lemma 7 [8, p. 32], the relation *‘u codes
a perfect set of reals” is absolute. In addition, the relation Vz[ -1 Q52 t,z) —
Q.(n},t,z)]is J]; and therefore absolute. It follows that (6) is absolute. This, in
turn, implies that D*»2, the set coded by #? in the real world, is a perfect set and
D*32< W,. Let € M[1] be the first element in »® that codes a series of points
{s;} in M[¢] such that {s;} is dense in D,z. Let n+e M[t] be the first element in
® that codes a Borel function gpreM [#] (by means of the graph) defined on the
rationals in [0, 1] so that for every rational r, 3s € {s;} such that g, (r) = s and for
all rational rq,r,, r; > 1, > gn:(rl) > gm«(rz). The function coded by #,% in the real
world, g#”:’ will also have the same property. Let 7,°e M[¢] be the first element in
" that codes the Borel function G s € M([{] defined by

j gn(x) for rational xe[0,1]

L Sup g,4(r) for irrational x €[0,1].
r rational t
r<x

M Gp=
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It is clear that the defining relation in (7) can be formulated in terms of both
Hi and X! statements. Using the fact that the defining relation in (7) may be
expressed in terms of an absolute relation, we may readily show that G#,,s, the
Borel set coded by #; in the real world, constitutes the graph of a 1-1 fun(t:tion
defined on [0,1]. Moreover, the simultaneous expressibility of G#"i in terms of
2; and []i statements implies that G#ﬂiis a Borel function. Let C, € M[1] be the
setdefined by yeC,~(y e M[1] & Ix(x[0,1] N M[{] & Q,(n%,%, ), i.e.,, C, is
the image of [0,1] N M[] under Gs. C, may alternately be defined by inter-
preting the following statements in M[t]: y € C,«» [(There exists a rational g such
that g,,:(q) =y) v (For all ¢> 0 there exists a rational g such that g, (g)<y
& |y — gy (9)| < & & for every increasing series of rationals {g;} < [0,1], if
Sup; g,,:(qi) =y then Sup; g; is irrational)]. C, is thus definable in terms of Hi
and X statements and is therefore Borel in M[f]. Similarly, the image under
G, of every Borel set B < [0,1] " M[r] is likewise Borel (in M[t]). Thus for
every positive integer n, the function G"s= G5 * G,3 - ... - G,s takes [0,1] N M {1
onto a Borel set in M[¢]. t k-t-;:;j;:——)

Let g',,;,G,,g be the terms denoting the functions 9 G,,ts in M[t], ie, g
= “{(5, )| Qa0 %, 1}, Gys = “{(x, )| Q2. x, )} . When interpreted in the
real world, G,s denotes the function G#"i' We assert that for any A,ue M[t] that
code Borel sut;sets of [0,1], the relation

®) “u codes the image (under G’,,;) of the Borel set coded by 4"

is absolute. Relation (8) is true (in M[t] or in the real world) if and only if the
relation

(9 Vy[(Ax(1,y) & [(There exists a rational g such that A,(4,9) & g,:(q) =)
v (For all & > 0 there exists a rational g such that gs(q) <y & I y— g,,;(q)l
< & & for every increasing series of rationals {¢;} < [0,1], if Sup; |g,4(q) =y
then Sup; g; is irrational and A4,(J, Sup; g.)]) v (45(1, y) & Vx(—1A45(4, %)~
RCHERY)]

holds true. However, (9) is equivalent to a H} statement and is therefore absolute,

Let ne M[1] be the first element in ®® which codes the set 4,8 ={x|xeM[7]
&xe[0,1] &x ¢ WY, Then A#ni’ the set coded by #? in the real world, is equal
to [0,1]—W,. For every natural n, the image of A,,f under G";5, G",5(4,9), is Borel
in M[1]. Let n]e M[t] be the first element in w® which code;s the Bo;el set E,
ey G "y2(4y¢) in M[t]. Then E #"Z = UHG#,,f(A#,,f) as follows easily from the ab-
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soluteness of (8). Let 2 M[{] be the first element in @ such that 2 codes the
Borel function defined by

sos [ Gp(x) x€[0,1]&xeE,’
(10) Fy(0) 2
x xe[0,1]&x¢E,].
The defining condition in (10) is equivalent to the statement
(11) VxVu(Qa(nt, x, vy (x € [0, 1] & Ax(m, x) & Q5(n7, %, 1)) v
(x €[0,1] & 43(7, x) & x = y)])

when interpreted in M[¢]. However, (11) is equivalent to a Hi statement and is
therefore absolute. Interpreting (11) in the real world, we obtain that F#_,,f, the
element coded by 7 in the real world, is a 1-1 function defined on [0, 1] such that

G* s (x) xe[O,l]&er#,,:
F#”:(x) = {
X xe[0,1] &x ¢E#":'

Using considerations of the Cantor-Bernstein theorem as in the Lemma, we find
that F*,s takes the unit interval one-to-one onto W,
t

Let for random te[0,1]

(o
u(t) = i
0 for non-random te[0,1].
We assert that u(f) is Borel.

For any rational ry,r,, r{<r,, let P, , = {t]u(t)e[rl,rz]}. P, .= {tlt
israndom & n® e [r;,r,]} U {t , tis non-random & r; £ 0 < r,}. Since the set of all
random ¢’s is Borel, the set {tl t is non-random & ry < 0 <r,} is likewise Borel.
{t|t is random & n}e[ry,r,]} = {t|t is random & M[f] F “n’e[ry, r,]”}.
However, the relation “‘n’€[r,, r,]" is expressible in #’. Thus by Theorem II,
2.8 [8, p. 38], the set {t] tis random & M[t]F “p8e [r;,r,]”’} is Borel. Hence
P,, ., 1s Borel. Since P
it follows that u(f) is Borel.

In accordance with the Lemma and the axiom of choice, there exists a function
H (x): [0,1] - o® such that for all x€[0,1], 5#(x) codes a 1-1 Borel function
from [0,1] onto W,. Let

is the inverse image of an arbitrarily selected interval,

rrz

8
vos (" for random t€[0,1]

a(t) = i
H(1) for non-random te[0,1].
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We are now in a position to define h:

h(t, y)d=e—-f the unique z [0, 1] such that Q,(ii(r), y, z). We must show, however,
that A fulfills a)—c) as described in the formulation of the theorem.

a) The fact that for non-random ¢, h(t,-)is 1-1, onto W, and Borel follows
immediately from the definition of h; for random ¢ this derives from the ab-
soluteness of the properties fulfilled by 5%

b) For any fixed y,€[0,1] and any rational interval [rq,7,], {t[h(t, V)€
[rir]}= {t‘ h(t,y,) e[ry,r,] and ¢ is non-random} U {t[‘v’z(Qz(n,B,yl,z)az €
[ri,72]) & tis random}. Let 4, code the Borel set of random t’s and let 4, code
the Borel function u(t). Then

{tl Vz(Q,(n¥, y1,2) > z€[ry,7,]) & t is random}

= {t[V2YW(71 Q30 1, W) & 71 Q35(w,71,2)) > 2 € [r1,r2]) & Ay(A4, 1)}
= {t]3z23w( 1 Q3(hs, t, W) & 1 Q3(W, y1,2) & z€[ry,75] & 1 Ay(dy, 1)}

This is simultaneously ¥i and 1—[% and is therefore Borel. On the other hand
{t] h(t,y)e[ry,r,} &t is non-random} is of Lebesgue measure zero. Thus
{t| h(t,yy) € [ry,7,]} is Lebesgue measurable for every rational interval.

c) is proven in much the same way as b).
Q.E.D.

3.

To the best of my knowledge, all known proofs of the fact that the power
axiom holds in M[¢] make use of the replacement axiom of ZF. The weaker set of
axioms in Zermelo set theory (in particular the separation axiom) appears to be
insufficient to establish this result. At the same time, the proofs in this article
seem to depend upon the validity of the power axiom in M[t]. Another propo-
sition which appears essential to our proofs is the existence of a transitive model M
of a sufficiently large (but finite) subset J of the axioms of ZFC. J must be rich
enough to guarantee that all X} and []; relations that hold in M hold true in
the real world as well. The existence of such models in all likelihood cannot be
proven by means of the Zermelo axioms alone. Thus, although the theorems pre-
sented here and in [10] are analytical in nature, the provability of some of them may
depend upon the stronger axioms in ZFC! It would be interesting to know whether
these theorems can be proven if one uses only the axioms of Zermelo set theory.

Ta stronger version of Theorem 1 was proven by N. Lusin in [5, p. 244].
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